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Introduction
Let F be a surface in Euclidean 3-space without umbilic points. This paper studies the following Problem : To classify non-trivial one-parameter families F , 2 (? ; ) of isometries of F = F 0 preserving both principal curvatures.
Since the Gaussian curvature is preserved by isometries one can reformulate the problem replacing "both principle curvatures" by "the mean curvature function". Let us specify what do we mean by a non-trivial family. We consider families of surfaces which do not di er by rigid motions. We suppose also that the surfaces and isometries are su cient smooth. The case of surfaces with constant mean curvature (CMC-surfaces), which all possess non-trivial isometries, is also excluded from our consideration. We suppose that the mean curvature is a non-trivial function on F.
It turns out that the condition of possessing a one-parameter family F of isometries, preserving H, implies restrictive conditions on F. Moreover, all the family F can be described (see section 2) as a reparametrization of F itself. The problem is reduced to the problem of classi cation of surfaces F. Since the problem formulated at the beginning of this introduction was rst studied by Bonnet, we call these surfaces Bonnet surfaces.
The problem is classical and many mathematicians contributed to its solution. O. Bonnet himself showed in Bo] that besides the CMC surfaces there is a class of surfaces, depending on nitely many parameters, which allows non-trivial isometries preserving H. These results were developed further by L. Ra y, who proved that the Bonnet surfaces are isothermic (i.e. allow conformal curvature line parametrization) and isometric to surfaces of revolution. J.N. Hazzidakis H] showed that the mean curvature function H sati es an ordinary di erential equation of the third order and was able to integrate it once. Graustein G] proved that all Bonnet surfaces are Weingarten surfaces, i.e. the partially supported by the Sonderforschungsbereich 288 y e-mail: bobenko@sfb288.math.tu-berlin.de z e-mail: uli@sfb288.math.tu-berlin.de mean and the Gaussian curvature are related d H^d K = 0. He also found a convenient alternative description for the Bonnet surfaces. Namely, he showed that these surfaces can be characterized as isothermic surfaces, where the function 1=Q with Q = 1 4 < F xx ? F yy ; N > is harmonic, that means (@ xx + @ yy )1=Q = 0: In modern notations Q is the Hopf di erential, written in isothermic coordinates x, y.
Later the problem was treated by E. Cartan in C], where the most detailed results concerning the Bonnet surfaces are presented. Cartan gave a modern de nition of these surfaces and classi ed them into 3 classes A, B and C. The mean curvature function H(t) 
where jQj 2 is a xed function di erent for the 3 cases A, B and C (see section 2): jQ A j 2 = 4 sin 2 (2 t) ; jQ B j 2 = 4 sinh 2 (2 t) ; jQ C j 2 = 1 t 2 :
(2) Equation (1) is the Gauss equation of the Bonnet surfaces. After the result of Hazzidakis, who reduced this equation to equations of the second order for all 3 cases A, B and C there was no progress in investigation of (1). Cartan nished his paper by the phrase: "An investigation of the singularities of the di erential equation (1) seems to be di cult." We mention also a more recent paper by S.
Chern Ch], where it was shown in particular that the argument of the Hopf di erential written in any conformal coordinates is harmonic.
It turns out that Cartan was right in his estimation of equation (1),(2). In this paper we show that the Hazzidakis equation (1) with jQj 2 given by (2) is isomorphic to the Painlev e equations: namely to the Painlev e VI equation in the cases A and B and to the special case of the Painlev e V equation, which can be reduced to the Painlev e III equation, in the C case. The isomorphism is given by explicit formulas (69), (67) in A and B cases and by (38), (42) in the C case. Although the formulas establishing the isomorphism can be checked directly, they would hardly be found without using the theory of integrable systems. The starting point of the present paper is an observation made in B94] that the frame equation for the Bonnet surfaces written via 2 2 matrices have the same structure as the Lax representation of the Painlev e equations given in J-M], I-N]. Here we develop this observation and describe the corresponding isomorphism explicitly.
Modern achievements in the global asymptotic analysis of the Painlev e equations make it possible to evaluate in closed from (in terms of elementary functions and their quadratures) asymptotic connection formulae for the corresponding solution manifolds. This is a characteristic analytical property of the special functions. In other words, the current status of the Painlev e transcendents should be considered to be the same as that of the hypergeometric functions and their degenerations. If a problem can be solved in terms of the Painlev e transcendents, the solution should be treated as an explicit one. In more details, this point of view is presented in the review papers I92], I94]. Therefore we solve the Bonnet problem mentioned at the beginning of this introduction explicitly.
In the appendices two special cases are discussed, when the Bonnet surfaces are described in rational, hyperelliptic and elliptic functions.
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1 Quaternionic description of surfaces in Euclidean 3-space To study surfaces in IR 3 by analytical methods it is convenient to describe them in terms of 2 2 matrices ( for more details see B94]). In section 2 and 3 this description allows us to identify the equations for the moving frame of the Bonnet surfaces with the Lax representation of the Painlev e equations. We suppose also that F is umbilic-free and smooth.
Remark 1 : Since isometries preserve the Gauss curvature, both principal curvatures are preserved.
Constant mean curvature surfaces as well as surfaces of revolution are examples of Bonnet surfaces. We restrict our discussion to non-constant mean curvature surfaces without outer isometrie 1 ).
Let us denote the Hopf di erential of F( ; z; z) by Q (z; z). The Gauss equation (4) 
h z H z = h z H z ; (14) e u(z; z) = ? 2h
Theorem 2 Proof : By the chain rule we get H w = h z H z and H w = h z H z which implies by (14) the rst property.
SinceQ(z; z)dz 2 = Q(w; w)dw 2 whereQ is the Hopf curvature function with respect to the coordinates z; z we get Q(w; w) = h 2 z (w ?1 (w)) h(w ?1 (w)) + h( w ?1 ( w)) 
Proof : This is a direct result of the property that jQj 2 depends on t only.
Theorem 4 Up to normalization by linear transformations any solution of (19) is of one of the following ve forms:
Proof : First we reformulate equation (19): h 2 z ? h 2 z = (h + h)(h zz ? h z z ):
Since the left hand side is harmonic the same must hold for the right hand side which leads to the condition
Here h(z) cannot be a constant because this would mean that H is a constant too. So there are two di erent cases to consider = 0 and 6 = 0. If = 0 then all solutions are polynomial. After resetting this in the equation (19) we get some conditions for the coe cient. Reparametrization gives h 1 and h 2 . The same procedure for the case 6 = 0 gives the other 3 solutions. This completes the proof. which shows that the rst and the third cases of (22) are the same. We see that there are only two di erent surfaces (up to translation w ! w + iT; w ! w ? iT of the conformal coordinates) belonging to Q 1 0 (w; w) and Q 3 0 (w; w). Because there is an isometry along one family of curvature lines the surface which we get by integration of the frame equation with Q 1 0 (w; w) is a cylinder or a surface of revolution.
Any cylinder or surface of revolution is a Bonnet surface. We do not consider them.
Surfaces of type B: Here with h(z) = 2 cosh(z) and z = 2w + 1 2w ? 1 we get Q 4 T (w; w) = ? 
This formula we may later nd useful. Since we excluded helicoids in the beginning, we ignore T = 1 2 , too. Table 1 presents the fundamental functions and the ordinary di erential equation to be solved.
Bonnet Surfaces of Type C and Painlev e V(III) Equations
Let us return to the description of the moving frame as in (9). In the variables t = w + w = w w + w 
which implies that the coe cients of the matrices A(t), A 0 (t), A 1 (t) as well as of the matrix C(t) can be expressed in terms of this function and the constants , , and depend on the eigenvalues of the matrices A(t), A 0 (t) and A 1 (t) only.
Proof : First let us normalize the matrices in the rst equation of (30) (32) with = tr(A(t)), 0 = tr(A 0 (t)) and 1 = tr(A 1 (t)). The transformed A-matrix has two not vanishing eigenvalues and we can bring it by another gauge transformation to a diagonal form. So let as assume that the system (30) is of the form ?1 = ti 2 Ik + 1 A 0 (t) + 1 ? 1 A 1 (t)
with 6 = 0. We set A (t) = (a ij (t)) and det(A (t)) = ? 2 =4 for = 0; 1 and 1 = ?2(a 0 11 (t)+a 1 11 (t)). It is easy to check that these 0 s are constants. 
Finally one can prove that the compatibility condition of (33) Now we apply the proof of theorem 6 to our system (27).
Theorem 7 Let H(t) be a solution of (18) in the C-case. Then y(t) = 2 a(t) ? 2 a(t) + with a(t) de ned in (28) and is a root of (29) 
On the other hand let y(t) be an arbitrary solution of (31) with constants as in (37) 
Since det(D) = ' this is a regular transformation if ' 6 = 0. If there would be a domain in C where ' vanishes identically then H(t) = c=t and consequently a(t) vanishes identically. But then necessarily = 0 in contradiction to our assumption. By that gauge transformation equation (27) 
This proves the rst part of the theorem. We shall remark that we get the following formulas by the theorem 6 a(t) = ? (y(t) + 1) 2(y(t) ? 1) ; '(t) e u=2 = ? 2 y(t) t(y 0 (t) ? y(t)) ; '(t) e ?u=2 = t(y 0 (t) ? y(t)) 2(y(t) ? 1)
On the other hand a(t), '(t) e ?u(t)=2 and '(t) e u(t)=2 can be expressed (28) in terms of the functions H, H 0 and H 00 . It can be interpreted as a linear system for these functions, which is uniquely solvable since ' 6 = 0. Comparing (28) with (44) we get (38), (39). If y (t) solves (43) theñ y ? (t) = 1 y (t) is a solution of (43) Remark 5 For any solution H(t) of (18) in the C casẽ H(t) = 1 H(t); witht = t (45) is a solution of (18), too. That implies that we can x to some special value in (29). Geometrically this is only a scaling of IR 3 .
From now on we x = 4. The case = 0 is considered in Appendix A.
It turns out that in the case = = 0 the Painlev e V equation can be reduced to the Painlev e III equation. The following three statements can be proved by direct calculations.
Corollary 1 Ki] Let y(t) be a solution of (31) 
The reduction (46) holds for arbitrary and but gives another Painlev e III where some constants are involved depending on and .
Remark 6 The geometrical solutions p(t) are of modulus 1 and we have to exclude the solutions p(t) = tanh(2t + c) and
Corollary 2 Let p(t) be a solution of (47) of modulus 1. Then its argument (t) p(t) = e i (t) solves t ? 00 (t) ? 2 sin(2 (t)) + 0 (t) + 2 sin( (t))) = 0:
(49) The solutions of (49) 
The -function, which satis es (51) 
4 Bonnet Surfaces of Types A and B and Painlev e VI Equation
In this part we will study Bonnet families of type A and B in more details. First we repeat the ordinary di erential equations to be solved by the mean curvature function H(t) in the cases of A and B. These are for t = w + w (see Table 1 
The solutions of these two equations are simply related. Let H B (t) a solution of (54). Then H A (t) ?iH B (it) (55) solves (53). Now we start again with (9). In all three cases we get: 
where the coe cients are presented in 
The last equation implies that the determinant of A 0 is independent of s (see remark 3), and as for the Bonnet surfaces of type C we get the following rst integral, rst found by Hazzidakis H] .
Lemma 2 Equation (18) 
In a contrast to the C case the parameter seems to be an essential parameter of the surface. In the B case can be real as well as pure imaginary and zero. In the A-case equation (61) Now we apply this to our case.
Theorem 9 Let H(t) = B(s) be a solution of (54) or (53), the functions f(s), ' 1 (s) and ' 2 (s) be de ned as in Table 2 and 6 = 0 be a root of (61) 
Here we do not specify the diagonal matrix B 0 because the de nition of y(s) is independent of this. With 1 = ? , 2 = 0 we get (64), (67) with the coe cients given by (68), which proves the rst part for the theorem.
As in the Bonnet C-case we can interpretate the de nitions of f 0 (s), ' 1 (s) e ?f(s) and ' 2 (s) e f(s) in Table 2 
Because of (65) this gives (69) and (70). For the case = 0 in the B-case Theorem 8 does not hold.
But by a simple calculation one can show that for this case (67) as well as (69) and (70) (69), (70) should be real-valued. It seems to be rather di cult to describe the variety of the geometrical solutions in terms of y(s).
For integrating the Bonnet surfaces of type A and B we have rst to solve our special Painlev e VI under the extra conditions that the functions B and f as de ned in (69) and (70) are both real and e 2f strictly positive. Then solve the frame equation (72) for . By the inverse left-multiplication of (71) with the functions given in (73) and (65) we nd the geometrical frame, which nally have to be integrated for the surface.
where 0 denotes the derivative with respect to . This system can be formulated as di erential equation of second order for only:
(1 ? 
which is for geometrical in IR SU(2) if the constants C 1 ; C 2 2 IR. We can choose C 2 = 0 because any other solution of (77) di ers from this special one only by a multiplication on the right by a quaternion independent of w and w. But this multiplication is a rotation of the surface (76) as a whole.
Theorem 10 
with some arbitary positive number !.
For the proof one should use formula (76) and the isomorphism (7) 
